Abstract. We establish a "second vanishing theorem" for local cohomology modules over regular rings of unramified mixed characteristic, which relates the connectedness of the spectrum of a ring with the vanishing of local cohomology. Applying this, and new results on the mixed characteristic Lyubeznik numbers, we further study connectedness properties of the spectra of a certain class of rings.
Introduction
The goal of this paper is to relate connectedness properties of the spectrum of a ring to local cohomology modules. Our focus is on rings that do not contain a field, where some important known results in this direction do no apply. An analog of the Lyubeznik numbers called the mixed characteristic Lyubeznik numbers serve as a major tool.
1.1. History and motivation. One compelling reason for studying local cohomology is its relationship with the geometry and topology of algebraic varieties. Recall that the cohomological dimension of an ideal I of a Noetherian ring S, denoted cd(I, S), is the maximum index t ≥ 0 for which the local cohomology module H t I (S) is nonzero. One of the first illustrations of the noted relationship, due to Grothendieck, is that the cohomological dimension of the maximal ideal of a local ring coincides with the ring's dimension [Har67, Gro68] .
Hochster and Huneke extended Faltings' connectedness theorem to link local cohomology and the topology of a ring's spectrum [Fal80a, Fal80b, HH94] . Given an n-dimensional complete local domain S, they showed that if the cohomological dimension of an ideal I of S is at most n − 2, then the punctured spectrum of S/I is connected. Crucial to their proof is the Hartshorne-Lichtenbaum vanishing theorem (often abbreviated "HLVT") [Har68] , which in this case says that H n I (S) vanishes if and only if dim(S/I) > 0. Since for any ideal I of S, H i I (S) = 0 for all i > n, one may regard the HLVT as a "first vanishing theorem" for local cohomology in the sense that it characterizes the vanishing of the local cohomology modules of S at the highest index for which such a module may be nonzero.
Under the additional hypothesis that the ring S contains a field, the "second vanishing theorem" (or "SVT") of local cohomology provides a converse to the aforementioned extension of Faltings' connectedness theorem: Let S be a complete regular local ring of dimension n with a separably closed residue field, which it contains. Let I ⊆ S be an ideal such that dim(S/I) ≥ 2. Then H n−1 I (S) = 0 if and only if the punctured spectrum of S/I is connected [Har68, Ogu73, PS73, HL90] .
1
The SVT has consequences beyond detecting whether the punctured spectrum of a ring is connected. For instance, it allows one to relate the Lyubeznik numbers, certain Bass numbers of local cohomology modules, to a graph that measures further connectedness properties of a ring's spectrum [Wal01, Lyu06a, Zha07] . It is also a key ingredient in showing that for an ideal I of a polynomial ring S in n variables over a field of characteristic zero, if depth(S/I) ≥ 3, then cd(I, S) ≤ n − 2 [Var13] .
1.2. A second vanishing theorem in mixed characteristic. It is natural to ask whether there is an analogous SVT characterizing the connectedness of the punctured spectra of rings containing no field. The Cohen structure theorems allow one to write any complete local ring of mixed characteristic as the quotient of an unramified regular local ring of mixed characteristic [Coh46] . In light of this, our first goal (and the focus of Section 3) is the following.
Theorem A (SVT over unramified rings of mixed characteristic; cf. Theorem 3.8). Let S be an n-dimensional complete unramified regular local ring of mixed characteristic, which has a separably closed residue field. Let I be an ideal of S for which R = S/I is equidimensional, and dim(R) ≥ 3. Then H n−1 I (S) = 0 if and only if the punctured spectrum of R is connected.
Please see Theorem 3.8 for a more general statement.
We note that when recently announcing this result at a conference, 1 we learned from W. Zhang that he has independently proven Theorem A using different techniques.
Although our principal motivation for seeking such a theorem is to better understand the topology of a ring's spectrum, cohomological dimension is itself an influential research topic. It has connections with, for instance, the number of equations defining a variety [BS98, ILL + 07], depth [PS73, Lyu06b, Var13, DT15] , and the vanishing of singular and algebraic de Rham cohomology [GLS98, Lyu07, Swi15] . The new SVT may be a useful tool for extending results previously known only in equal characteristic to the mixed characteristic setting. For example, we apply it in proving Theorem 3.11, a mixed characteristic version of a theorem of Huneke and Lyubeznik on cohomological dimension [HL90] .
1.3. Connectedness of spectra and Lyubeznik numbers. The Lyubeznik numbers are numerical invariants associated to a local ring R containing a field, defined via local cohomology [Lyu93] . If R has a separably closed residue field, its highest Lyubeznik number equals the number of connected components of its Hochster-Huneke graph [Lyu06a, Zha07] . Assuming that R is equidimensional, this graph is connected if and only if the connectedness dimension of R is at least dim(R) − 1, i.e., Spec(R) \ Z is connected for every closed set Z of Spec(R) for which dim(Z) ≤ dim(R) − 2 [HH94] . If R is a complete intersection on each point of its punctured spectrum, the highest Lyubeznik number, in fact, equals the number of connected components of the punctured spectrum of R [GLS98, BB05, Bli07] .
Our second objective (and the focus of Section 4) is to show that the mixed characteristic Lyubeznik numbers, recently-defined numerical invariants of local rings whose residue fields have prime characteristic, are related to connectedness properties of spectra [NBW13] . We prove the following.
Theorem B (cf. Theorem 4.16). Let R be a complete local ring that is a complete intersection at every point of its punctured spectrum, with a separably closed residue field of prime characteristic, and for which dim(R) ≥ 4. Then the highest mixed characteristic Lyubeznik number of R equals the number of connected components of its punctured spectrum.
Our result is actually more general, applying to cohomologically complete intersection ideals on the punctured spectrum of a ring, a notion introduced by Hellus and Schenzel [HS08] . Toward the same goal, we also show that when the highest mixed characteristic Lyubeznik is as small as possible (i.e., equals one), then the spectrum of the ring is "highly connected." We refer the reader to Theorem 4.17 for our precise statement.
2. Background 2.1. Connectedness properties of spectra. Let (S, n) be a local ring, fix an ideals I ⊆ J of S, and let X = Spec(S/I). Recall that open subset of a topological space is connected if it cannot be represented as the union of two disjoint, nonempty open sets. Translating this condition algebraically, for an ideal J of S, X \ V(J) is connected in the Zariski topology if and only if the following property holds: given ideals a and b of S for which
one of √ a and √ b must be √ J (and equivalently, one of these must be √ I). Indeed, V(a) and V(b) are disjoint, nonempty open and closed sets of X \ V(J), whose union is this entire space.
In particular, the punctured spectrum of Spec • (S/I) is connected if and only if whenever a and b are ideals of S for which √ a ∩ b = √ I and √ a + b = n, one of a or b must be n-primary.
The connectedness dimension of a Noetherian ring R, denoted c(R), is defined as
We refer the reader to [BS98, Chapter 19 ] for more on the study of connectedness dimension via local cohomology, and in particular, on cohomological dimension.
2.2. Long exact sequences in local cohomology. Let R be a Noetherian ring.
Given an ideal I of R, fix generators f 1 , . . . , f t for I. The j th local cohomology module of an R-module M with support in I, denoted H j I (M ), can be computed as the j th cohomology module of aČech-like complex
where the homomorphism on each summand, up to a sign, is the appropriate further localization map.
Local cohomology modules serve both as the major objects of study, and as important tools, in this paper. In order to understand them, we apply three types of long exact sequences associated to these modules. First, given an ideal I of R and a short exact sequence of R-modules 0 → M → N → P → 0, there is a functorial long exact sequence of the form
Given f ∈ R and an R-module M , there is also a long exact sequence, functorial in M ,
Finally, the Mayer-Vietoris sequence in local cohomology is especially useful in the study of connectedness properties of Spec(R): given ideals I and J of R, and R-module M , there is a long exact sequence of the form
2.3. Lyubeznik numbers and mixed characteristic Lyubeznik numbers. Given a local ring (R, m, K) containing a field, the Cohen structure theorems allow us to write R ∼ = S/I, where I is an ideal of a complete regular local ring (S, n, K) containing a field. Given integers i, j ≥ 0, if S is n-dimensional, then the Lyubeznik number of R with respect to i and j is
which depends only on R, i, and j [Lyu93] . Note that λ i,j (R) is the i th Bass number of H n−j I (S) with respect to n, which is finite [HS93, Lyu93] 
is called the highest Lyubeznik number of R. Now take any local ring (R, m, K) for which K has positive characteristic; i.e., R does not necessarily contain a field. In this setting, we can write R ∼ = T /I, where I is an ideal of an unramified regular local ring (T, n, K) of mixed characteristic [Coh46] . For integers i, j ≥ 0, if n = dim(T ), the mixed characteristic Lyubeznik number with respect to i and j is the i th Bass number of H n−j I (T ) with respect to n,
, which is also finite [Lyu00, NB13] . Again, this number is independent of the presentation of R.
It is important to note that for local rings of characteristic p, both families of numerical invariants are defined; there are many circumstances in which they agree, but they do not always coincide [NBW13, HNBPW15] .
A second vanishing theorem over unramified regular rings of mixed characteristic
The primary goal of this section is to prove a second vanishing theorem (SVT) for local cohomology modules over unramified regular local rings of mixed characteristic.
Like the SVT over regular local rings containing a field, it characterizes the connectedness of punctured spectra through the vanishing of local cohomology.
3.1. Two graphs. In this subsection, we recall some facts about two graphs associated to a local ring. Both are simple graphs, meaning that they are undirected, contain at most one edge between any two vertices, and have no loops.
A particular simplicial complex has been used to relate connectedness, cohomological dimension, and depth [Lyu07, KLZ14] . If a local ring (R, m) has minimal primes p 1 , . . . , p t , then this simplicial complex has vertices labeled 1, . . . , t; {i 1 , . . . , i j } ⊆ [t] is a face of ∆(R) precisely if p i 1 + · · · + p i j is not m-primary. The first graph we consider is the one-skeleton of ∆(R).
Definition 3.1 (The graph Θ R ). Given a local ring (R, m) with minimal primes p 1 , . . . , p t , the graph Θ R has vertices labeled 1, . . . , t, and there is an edge between two (distinct) vertices i and j precisely if p i + p j is not m-primary.
Our proof of the new SVT exploits the fact that this graph detects connectedness of the punctured spectrum, which Huneke and Lyubeznik originally pointed out in the proof of [HL90, Theorem 2.9].
Lemma 3.2 (Huneke -Lyubeznik). Given a complete local ring R, the graph Θ R is connected if and only if the punctured spectrum of R is connected.
Note that the condition that Θ R is connected is sometimes written as the equivalent condition that the reduced homology group H 0 (∆(R), Z) vanishes (see [Lyu07, KLZ14] Definition 3.3 (The Hochster-Huneke graph Γ R ). Given a local ring R, list all the minimal primes p of R for which dim(R) = dim(R/p) as p 1 , . . . , p h . The HochsterHuneke graph of R, denoted Γ R , has vertices 1, . . . , h; there is an edge between (distinct) vertices i and j precisely if p i + p j has height one.
The Hochster-Huneke graph of a complete equidimensional local ring R is connected if and only if Spec(R) \ V(J) is a connected topological space for all ideals J of R of height at least two [HH94, Theorem 3.6]. In particular, the graph Γ R is disconnected if the punctured spectrum of R is a disconnected topological space.
The number of connected components of the Hochster-Huneke graph is closely related to the highest Lyubeznik number, as we now describe. We take advantage of this relationship in Section 4. 
A key ingredient in the proof of the new SVT is the behavior of the HochsterHuneke graph modulo a parameter. The following result was originally proved by W. Zhang [Zha07, Proposition 2.2]. It appears as a step toward the equicharacteristic main result of the paper it appears in [Zha07, Main Theorem], and several blanket hypotheses are fixed throughout its section of the manuscript. Due to this, and because the main result's proof is not presented in a linear manner, we include a proof here that follows Zhang's argument to convince the reader that the assumptions below suffice. In particular, no hypothesis on characteristic is necessary. Proof. Let A = R/ √ xR. Since the ideals xR and √ xR of R have the same minimal primes, the Hochster-Huneke graphs of R/xR and A are isomorphic, so it suffices to show that Γ A is connected.
Let S be the integral closure of R in its field of fractions. Then S is a complete local domain, and is a finitely-generated R-module [HS06, Theorem 4.3.4]. Let B = S/ √ xS. Since S satisfies Serre's criterion S 2 , the S 2 -ification of S/ √ xS is local [HH94, Proposition 3.9], so that Γ B is connected [HH94, Theorem 3.6].
We have that √ xS ∩ R = √ xR by the going up theorem, so A injects into B, and B is a finitely-generated A-module, so that A and B have the same dimension. Fix minimal primes p and p ′ of A. Again by the going up theorem, there exist minimal primes q and q ′ of B for which q ∩ A = p and q ′ ∩ A = p ′ .
Since Γ B is connected, there exists a finite sequence of minimal primes
We aim to show that for all 1
, so that Γ A is connected, completing the proof. For some 1 ≤ i < t, let r be a prime ideal of B of height one containing q i + q i+1 . Let d = dim(R). Then dim(B) = d − 1, and since B is equidimensional and catenary, there exists a chain of d − 2 primes ideal of A containing r, r r 2 . . .
Then by the lying over theorem, we also have the strict chain
Since dim(A) = d − 1, the height A (r ∩ A) ≤ 1. Therefore, the height A (p i + p i+1 ) ≤ 1, and the result follows.
3.2. Second vanishing theorem over unramified regular local rings of mixed characteristic. In proving the new SVT, we have the following strategy: Like Huneke and Lyubeznik's proof of the SVT in equal characteristic [HL90, Theorem 2.9], we first study local cohomology with support in a prime ideal. For arbitrary ideals, we then use an inductive argument on the number of minimal primes of the ideal. The heart of our proof lies in the technique we apply to the case of prime ideals, where are are able to avoid machinery like that in loc. cit. by reducing to the equal-characteristic case addressed there. Toward this, consider the following lemma. We can now address the case of local cohomology with support in a prime ideal.
Lemma 3.7. Let S be an n-dimensional complete unramified regular local ring of mixed characteristic, with a separably closed residue field. If q is a prime ideal of S for which dim(S/q) ≥ 3, then H n−1 q (S) = 0.
Proof. Suppose that S has mixed characteristic p > 0, and assume first that p ∈ q. If A = S/pS, then S/q ∼ = A/qA has equal characteristic p. Since dim (A/qA) = dim (S/q) ≥ 3, qA is not primary to the maximal ideal of A. Hence, since dim(A) = n − 1, H qA (A) = 0 by the SVT in equal characteristic [HL90, Theorem 2.9]. Thus, cd(A, qA) ≤ n − 3, so that by Lemma 3.6, cd(S, q) ≤ n − 2, finishing the proof in this case. Now suppose, alternatively, that p ∈ q. Let J = q + pS, so that S/J has equal characteristic p and dimension at least two. For distinct minimal primes p 1 and p 2 of S/J, if height S/J (p 1 + p 2 ) = 1, then p 1 + p 2 cannot be primary to the maximal ideal of S/J since dim(S/J) ≥ 2. Thus, Γ S/J is a subgraph of Θ S/J . In fact, it is a spanning subgraph: since S/q is catenary, S/J is equidimensional by Krull's principal ideal theorem; therefore, the vertices of Γ S/J are indexed by all minimal primes of S/J, like that of Θ S/J .
Since q is prime and S is complete, S/q is a complete local domain. Therefore, taking x = p in Proposition 3.5, we know that the Hochster-Huneke graph Γ S/J is connected. Since Γ S/J is a spanning subgraph of Θ S/J (i.e., the two graphs have the same vertices), this subgraph must also be connected. Therefore, the punctured spectrum of S/J is connected by Lemma 3.2. Then by the SVT in equal characteristic, cd(A, JA) ≤ n − 3 [HL90, Theorem 2.9], so that cd(S, J) ≤ n − 2 by Lemma 3.6, and, in particular, H n−1 J (S) = 0. With this in mind, in order to show that H n−1 q (S) vanishes, by the long exact sequence
qSp (S p ) = 0 by the HLVT. Thus, H n−1 q (S p ) = 0, completing the proof.
We now are prepared to prove an SVT over unramified regular local rings of mixed characteristic. Our statement is more general than Theorem A from the introduction.
Theorem 3.8 (SVT over unramified regular rings of mixed characteristic; cf. Theorem A). Let S be an n-dimensional complete unramified regular ring of mixed characteristic, whose residue field is separably closed. Let I be an ideal of S for which dim(S/p) ≥ 3 for every minimal prime p of I. Then H n−1 I (S) = 0 if and only if the punctured spectrum of S/I is connected.
Proof. First assume that H n−1 I
(S) = 0, and by way of contradiction, assume that the punctured spectrum of S/I is disconnected. Let n denote the maximal ideal of S, so that there exist ideals J 1 and J 2 of S that are not n-primary for which √ J 1 ∩ J 2 = √ I and √ J 1 + J 2 = n. Consider the Mayer-Vietoris sequence associated to these ideals, (S) = 0, contradicting the HLVT. For the other direction, we proceed by induction on the number of minimal primes of I. For ideals with only one minimal prime, the result follows from Lemma 3.7. Fix an integer t > 1. Assume that for all ideals J of S with t − 1 minimal primes, for which dim(S/p) ≥ 3 for each minimal prime p of J, if the punctured spectrum of S/J is connected, then H n−1 J (S) = 0. Fix an ideal I with t minimal primes, such that dim(S/p) ≥ 3 for each minimal prime p of I, and for which the punctured spectrum of R := S/I is connected. Then Θ R is also connected by Lemma 3.2. Thus, there is an ordering q 1 , . . . , q t of the minimal primes of I such that the induced subgraph of Θ R on indices q 1 , . . . , q i (i.e., the graph on these vertices, with all edges between them in Θ R ) is connected for all 1 ≤ i ≤ t. This means that given 1 ≤ i ≤ t, if J i = q 1 ∩ . . . ∩ q i , then the graph Θ S/J i is connected. Again calling upon Lemma 3.2, we deduce that the punctured spectrum of each S/J i is connected. Consider the following piece of the Mayer-Vietoris sequence in local cohomology associated to J t−1 and q t :
By the inductive hypothesis, H n−1 J t−1 (S) = 0. In addition, H n−1 qt (S) = 0 by Lemma 3.7. Moreover, since the punctured spectrum of R is connected, . This theorem is stated only for rings that contain a field; however, as he mentions in the introduction of loc. cit., the result also holds in the mixed characteristic setting. We recall that the big height of an ideal is the maximum of the heights of its minimal primes. We use the notation ⌊x⌋ to denote the greatest integer not exceeding a real number x.
Theorem 3.9 (Faltings). Let S be an n-dimensional complete regular ring whose residue field is separably closed. If I is an ideal of S with big height b ≥ 1, then cd(S, I) ≤ n − ⌊n/b⌋ .
The following is an adaption of a result of Lyubeznik to the mixed characteristic setting, which we apply in the subsequent theorem.
Lemma 3.10 (cf. [Lyu85, Lemma] ). Let S be an n-dimensional unramified complete regular ring of unramified mixed characteristic, with a separably closed residue field. Given ideals I 1 , . . . , I t of S, each of big height b ≥ 1, cd(S, I 1 + · · · + I t ) < n − ⌊n/b⌋ + t.
Proof. We proceed by induction on t. If t = 1, the statement follows by Theorem 3.9 [Fal80c, Korollar 2]. Fix t > 1, and assume that for any 1 ≤ s < t, given ideals J 1 , . . . , J s of S with big height b ≥ 1, we have that cd(S, J 1 + · · · + J s ) < n − ⌊n/b⌋ + s.
Fix ideals I 1 , . . . , I t of S of big height b, and let
Since √ I ′′ = √ I ′ ∩ I t , the Mayer-Vietoris sequence associated to I ′ and I t has the form
It (S) → · · · . By our inductive hypothesis, H i I ′ (S) = H i I ′′ (S) = 0 for all i ≥ n − ⌊n/b⌋ + (t − 1), and H i It (S) = 0 for i ≥ n − ⌊n/b⌋ + 1. Therefore, taking i ≥ n − ⌊n/b⌋ + (t − 1) in (3.3.1), we conclude that H i I (S) = 0 for all i ≥ n − ⌊n/b⌋ + t.
We can now prove the aforementioned version of the theorem of Huneke and Lyubeznik. . Let S be an n-dimensional complete unramified regular local ring of mixed characteristic, with a separably closed residue field. For an integer 1 ≤ b < n, let t = ⌊(n − 1)/b⌋. Fix ideals I 1 , . . . , I t of S, each of big height b, and let J = I 1 + · · · + I t . Suppose that the punctured spectrum of S/J is disconnected, and that for every minimal prime p of J, dim(S/p) ≥ 3. If I = I 1 ∩ · · · ∩ I t , then cd(S, I) = n − t.
As b < n, we have that ⌊(n − 1)/b⌋ = ⌊n/b⌋. Then by Lemma 3.10, (3.3.2) cd(S, a i ) < n − ⌊n/b⌋ − (t − i + 1) = n − i + 1.
We proceed by induction on i ≥ 1 to show that cd(S, a i ) = n − i, so that our desired statement is obtained by taking i = t. When i = 1, we have that cd(S, a 1 ) = n − 1 by Theorem 3.8 since the punctured spectrum of S/a 1 is disconnected by assumption. Suppose that for some 1 < i ≤ t, cd(S, a i−1 ) = n − i + 1. Let
The Mayer-Vietoris sequence associated to I ′ and I ′′ has the form
since a i−1 = I ′ +I ′′ and √ a i = √ I ′ ∩ I ′′ . By Lemma 3.10, the cohomological dimensions of both I ′ and of I ′′ are less than n − i + 1, so
Moreover, H n−i+1 a i−1 (S) = 0 by the inductive hypothesis. Thus, H n−i a i (S) is nonzero, and noting (3.3.2), we have that cd(S, a i ) = n − i.
Our final application of the new SVT in this section allows us to conclude that a certain mixed characteristic Lyubeznik number determines the number of connected components of the punctured spectrum of a ring. The analogous statement for traditional Lyubeznik numbers in the equal characteristic case is well known to experts; see [Wal01, Proposition 3.1] or [Kaw00, Theorem 1] for a proof in this case in the two-dimensional setting.
Proposition 3.12. Let S be an n-dimensional complete unramified regular local ring of mixed characteristic, with separably closed residue field K. Let I be an ideal of S such that for every minimal prime p of I, dim(S/p) ≥ 3. If the punctured spectrum of S/I has t connected components, then H n−1 I (S) = E S (K) ⊕t−1 . Thus, λ 0,1 (S/I) = t − 1.
Proof. Fix ideals J 1 , . . . , J t of S for which the complements of V(J 1 ), . . . , V(J t ) are precisely the connected components of the punctured spectrum of S/I; i.e., each complement is nonempty, they do not pairwise intersect, and their union is Spec
• (S/I). We proceed to show that H n−1 I (S) = E S (K) ⊕t−1 by induction on t, noting that the result follows from Theorem 3.8 if t = 1. Fix t > 1, and assume that for any ideal J of S for which dim(S/q) ≥ 3 for every minimal prime q of J, if Spec
• (S/J) has t − 1 connected components, then H n−1 J (S) = E S (K) ⊕t−2 . In particular, this holds for
Consider the following piece of the Mayer-Vietoris sequence in local cohomology associated to J and J t :
Jt (S) = 0, and since J i + J t is primary to the maximal ideal n of S for all 1 ≤ i < t, we know that J + J t also n-primary. Then from the inductive hypothesis and (3.3.3), we obtain the short exact sequence
Mixed characteristic Lyubeznik numbers of cohomologically isolated singularities
We expect the mixed characteristic Lyubeznik numbers to behave, at least in some ways, like the original Lyubeznik numbers. The authors have recently shown that for local rings of prime characteristic, they are "almost always" equal, in the sense that differences can only occur in small characteristics [HNBPW15] . Moreover, the highest Lyubeznik number and the highest mixed characteristic Lyubeznik number agree in every example where both are computed [NBW14] .
In this section, we investigate the highest mixed characteristic Lyubeznik numbers of a collection of rings that includes those with isolated singularities. In Theorem 4.9, we show that this number equals the highest Lyubeznik number if both are defined. We also show that it has similar properties to the original Lyubeznik numbers, as they relate to other Lyubeznik numbers (Theorem 4.15), and to connectedness properties of spectra (Theorem 4.16/Theorem B from the introduction, and Theorem 4.17).
4.1. Cohomologically complete intersection ideals on the punctured spectrum of a ring. We study quotients of regular local rings modulo ideals called cohomologically complete intersections on the punctured spectrum of the ring, which were introduced by Hellus and Schenzel [HS08] . The vanishing of the local cohomology modules of the ring with support in these ideals mimics that of those with support in complete intersection ideals.
Definition 4.1 (Cohomologically complete intersection ideal (on the punctured spectrum)). Fix an ideal I of a regular local ring (S, n), and let t = dim(S) − dim(S/I). Then I is a cohomologically complete intersection (CCI) ideal of S if H j I (S) = 0 for all j > t. We call I a CCI ideal on the punctured spectrum of S under the weaker condition that Supp S (H j I (S)) ⊆ {n} for all j > t. Example 4.2. If S is a regular local ring of characteristic p > 0 and I is an ideal of S for which S/I is Cohen-Macaulay, then I is a CCI ideal of S [PS73, Theorem III.4.1].
Given a CCI ideal I on the punctured spectrum of a regular local ring S, Blickle has called the quotient S/I a cohomologically isolated singularity ring [Bli07] . A complete local ring that is a complete intersection at every point of its punctured spectrum is isomorphic to such a quotient; so is a complete local ring with an isolated singularity.
Example 4.3 (Isolated singularities). Suppose that R is a complete local ring of dimension at least three for which R p is regular for every non-maximal prime ideal p of R. Then R is S 2 and R 1 , it must be normal, and thus a domain. Use the Cohen structure theorems to write R ∼ = S/I, where I is an ideal of a complete regular local ring S [Coh46] . Then for every non-maximal prime ideal q of S, S q /IS q is a regular ring, so that IS q is a complete intersection ideal of S q . Hence, (H j I (S)) q ∼ = H j I (S q ) = 0 for all j = dim(S) − dim(R), and I is a CCI ideal on the punctured spectrum of S.
Proposition 4.4. If I is a CCI ideal on the punctured spectrum of a regular local ring S, then S/I is equidimensional.
Proof. Let d = dim(S/I), and list the minimal primes p of I for which dim(S/p) = d as p 1 , . . . , p t . Assume, by way of contradiction, that S/I is not equidimensional, and list the minimal primes q of I for which dim(S/q) < d as q 1 , . . . , q h , so that h ≥ 1.
Let J 1 = p 1 ∩· · ·∩p t and J 2 = q 1 ∩· · ·∩q h , so that √ I = J 1 ∩J 2 . Then dim(R/J 1 ) = d, and let e = dim(R/J 2 ), so that e < d. We have the Mayer-Vietoris sequence associated to J 1 and J 2 ,
By our choice of J 1 and J 2 , dim(S/(J 1 + J 2 )) < e, so that H n−e J 1 +J 2 (S) = 0. As a consequence, H n−e J 2 (S) injects into H n−e I (S). Therefore,
Yet, I is a CCI ideal on Spec
• (S), so dim Supp S (H n−e I (S)) ≤ 0, a contradiction.
The following lemma allows us to reduce the proof of Theorem 4.9 to cases of small dimension.
Lemma 4.5. Given a CCI ideal I on the punctured spectrum of a regular local ring S, if f ∈ S is not in any minimal prime of I, then I + f S is also a CCI ideal on Spec
• (S).
Proof. Let n = dim(S) and d = dim(S/I). As f belongs to no minimal prime of I, we have that dim (S/(I + f S)) = d − 1. If n denotes the maximal ideal of S, then
Then by the long exact sequence . Then W is a torsion-free V -module. Since V is also a DVR, W must be a flat V -algebra.
Let S = V x 1 , . . . , x n , T = W x 1 , . . . , x n , and ϕ : S → T the injective ring homomorphism satisfying ϕ| V = φ and ϕ(x i ) = x i for each 1 ≤ i ≤ n. Since φ is flat, so is ϕ. Fix i, j ≥ 0, and, given an ideal
, which is finite [Lyu00, Theorem 1], [NB13, Theorem 1.1]. Since K is finitely presented over S and T is a flat S-algebra,
In the same vein, if A = K x 1 , . . . , x n and B = L x 1 , . . . , x n , then for an ideal I of A and all integers i, j ≥ 0,
Before returning to our investigation of CCI ideals on punctured spectra, we remove a hypothesis of a result on the agreement of the mixed characteristic and the traditional Lyubeznik numbers in low dimension [NBW13, Proposition 5.2]; loc. cit. requires a separably closed residue field. This extension serves as the basis case of our inductive proof of Theorem 4.9.
Proposition 4.7 (cf. [NBW13, Proposition 5.2]). Fix an n-dimensional complete unramified regular local ring S of mixed characteristic p > 0, with residue field K. Assume that I is an ideal of S, p ∈ I, and dim(S/I) ≤ 2. If A = S/pS, then for all i, j ≥ 0,
Proof. Let R = S/I, and d = dim(R). Under the assumption that K is separably closed, the statement is explicitly justified in the proof of [NBW13, Proposition 5.2], although only stated there for i = j = d. We aim to reduce to this case. Now we turn to the general case. Let V be a complete Noetherian DVR with maximal ideal pV and residue field K. Let L denote the separable closure of K, and W a corresponding DVR as in Remark 4.6. By this same remark, for all i, j ≥ 0,
Since the residue field of S ⊗ V W is separably closed, the result [NBW13, Proposition 5.2] now applies, and
Combining (4.2.1) and (4.2.2), we have that λ i,j (R) = λ i,j (R).
To prove two of the main results of this section, Theorems 4.9 and 4.16 (cf. Theorem B from the introduction), we use properties of minimal injective resolutions of certain local cohomology modules in mixed characteristic. In particular, we call upon Zhou's work on injective dimension in this setting [Zho98] .
Remark 4.8. Suppose that I is an ideal of an unramified regular local ring (S, n) of mixed characteristic. Zhou proved that for all j ≥ 0,
.1]; we note that this inequality is further investigated in the authors' recent work [HNBPW15] . Suppose that E • is a minimal injective resolution of H j I (S), so that the i th cohomology module of the complex
As part of Zhou's proof of loc. cit., he proves inductively that for all t ≥ 0, the image of ϕ t is an injective S-module. Now we can prove our theorem on the agreement of the original and the mixed characteristic Lyubeznik numbers. Let n denote the maximal ideal of S. Fix r ∈ n with the following property: r is in no minimal prime of I, and if n is not the only associated prime of H n−d+1 I (S/pS) over S, r is also in no minimal prime of this module. Such an element exists by prime avoidance, since H Therefore, since E
